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e I. INTRODUCTION 


The theory of statistical signal detection and estimation 
in the presence of colored noise is described in many text- 
books [Refs. 1,2, 3]. However, applications and practical 
system design considerations as well as implementations based 
on the developed theory are not often discussed. 

There are some [Refs. 4,5,6] DOD research publications 
which deal with signal reception in colored noise. None of 
these publications uses colored noise thoery as developed in 
textbooks or analyzes advantages and disadvantages of signal 
designs that account for the presence of colored noise. 

The goals of this thesis are to: 


1. Discuss some practical applications that can be 
derived from colored noise signal detection theory. 


2. Analyze practical design implications of the theory. 


3. Present advantages as well as disadvantages of using 
theoretical results involving colored noise inter- 
ferences as compared to results dealing with white 
noise interference models. 


Specifically, the following problems will be analyzed: 


1. The design of a binary communication receiver in the 
presence of colored noise interference when the signals 
used to transmit the binary information are completely 
known. 


2. Design of an optimum signal set for a receiver opera- 
tion under the same conditions as in 1. above. 


3. Comparison of the performance of the receivers analyzed 


in l. and 2. above relative to an equivalent receiver 
designed to operate in white noise interference. 
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4. Evaluation of the effect of an RF prefilter on the 
performance of a binary communication receiver. 


5. Evaluation of the performance of receivers designed 
for colored noise interference operating in the 
presence of jammers. 

This thesis is divided up as follows. 

In Chapter II we present briefly colored noise theory and 
the integral equations governing the receiver design. [In 
Chapter III we analyze Fredholm Integral Equations and the 
techniques used for solving them for baseband signals and 
bandpass signals. In Chapter IV we discuss receiver design 
and performance in the presence of colored noise interference, 
according to the rules of colored noise theory. We also com- 
pare these results to the more conventional receiver designed 
to operate in a white noise only environment. In Chapter V 
we analyze the effect of using RF-preamplifiers in digital 
receivers. In Chapter VI the sensitivity of this receiver is 
evaluated when operating in the presence of colored noise 
interference and a deterministic jammer signal which is opti- 
mum in a specific sense. Performance comparisons to equivalent 
white noise environment receivers are presented. The Conclusions 


and interpretations of the results obtained are presented in 


Chapter VII. 


i 


II. THEORY OF COHERENT SIGNAL DETECTION IN THE 
PRESENCE OF COLORED NOUS: 


A. DETECTION IN THE PRESENCE OF WHITE GAUSSIAN NOISE 

The design of coherent signal receivers in the presence 
of additive white Gaussian noise (WGN) is widely dealt with 
in the literature [Refs. 7,8,9,10]. The optimum receiver 
(in the sense of producing minimum probability of error) for 
discriminating between two different yet completely known 
Signals in additive WGN is shown in Fig. 2.1. 

The receiver of Fig. 2.1 is optimum (1i.e., minimum proba- 


bility of error) when the received signal z(t) is either 


Hypothesis H Za) y,(t) + n(t) O< 


A 
cf 
LA 
re 


flag 


Hypothesis H Ze) Yo (t) -- ee) Onc 


A 
a 
1A 
rj 


‘Ae 


where Yj and Yo (t) are known deterministic signals and n(t) 
1s a sample function of a WGN process. For convenience we 


define 


Yq (t) y, (t) - Yo (t) 


The threshold level shown in Fig. 2.1 is given by [Refs. 


+ le -E,) (220) 
2 0 : 
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where 


ae 
5. = P y; (t)dt i= 0,1 


N 
and =O is the two-sided power spectral density level of the 


2 
WGN interference. Also, P is the prior probability that signal 
y, (t) was sent. 

If equiprobably and equal energy signals are transmitted, 
then P = 1/2 and the threshold y becomes zero. 


Assuming equiprobable signals, the performance of this 


receiver 1S given by 


a Oe, 
Py aa ERE Gaal Nae (ee 


where 


=. <2 2 
E = 5 il [yo (t) + yj(t)] dt = AVG Bit Energy 
0 


and 


iT a 
oe ame 5 a Yq (t)y, (t)dt 


The complementary function ERFC,(-) used throughout this thesis 


is defined as 


ERFC+(v) = f 


For the so-called antipodal signals, y, (t) and Y(t) are related 


by - 
y, (t) - “Yq (t) 
Hence 9 = -l and Eq. 2.1A becomes 
P, = ERFC,(¥(2E)/Np) (22) 


Tt is important to mokitecemenae ee is independent of the 
particular waveform shapes used. Equation (2.1A) demonstrates 
that the signal-to-noise ratio (SNR) E/N, and the normalized sig- 
nal correlation coefficient p are the only factors affecting Poe 


Such will not be the case when the noise interference is colored. 


B. DETECTION IN THE PRESENCE OF COLORED  NOist 

In certain cases, the transmitted signals can encounter a 
nonwhite colored Gaussian interference. The most common such 
cases arise when: 


1. Between the actual white noise source and the signal 
processing part of the receiver, there are some 
bandpass elements such as antennas or RF filters 
which shape the noise spectrum so that it no longer 
is white. 


2. In addition to the desired signal at the front end of 
the receiver, there is an interfering signal which 
may be some ECM jammer or may be a "friendly" electronic 
emitter causing interference in the communication 
channel. In radar/sonar systems such interference is 
frequently caused by multiple targets. 


3. Multipath channel interferences arise which effectively 
add a colored noise component to the channel. 


ine 


The basic decision model can now be specified as follows 


A 
ct 
A 
a 


Hypothesis H Zac, y, (t) + n | (t) + n,(t) O< 


1° 


Hypothesis Hy: Z(t} Yo (t) + n(t) + n(t) Os 


A 
ct 
| A 
by 


where n,(t) is the colored noise component and n(t) 1s the 
white noise component. Notice that a white noise component is 
present in the model. It is appropriate to assume that the 
interference contains also an independent white component due 
to the fact that: 

1. Practical systems always will contain a nonzero 
thermal white noise component. Even shot noise which 
is dominant in the optical range of the spectrum is 
also practically a white noise. 

2. As will be discussed in Appendix A, the white noise 
component enables us to guarantee that our mathematical 
solutions will be meaningful. 

The conventional approach in the design of an optimum receiver 
is to take "Samples" of the received signal, express the joint 
probability density function of these samples and then to 
determine the limiting form as the samples are taken closer 
together and their number increases to infinity. These opera- 
tions become more difficult in the case of colored noise since 
the samples may no longer be statistically independent [Refs. 
im, 10) - 

The approaches taken when colored noise interference 1s 


mpeesent are to: 


Peeinteroaguce a “Whitening” filter to transform the inter- 
ference into a white Gaussian noise so that use of 
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the white Gaussian interference analysis to solve the 
problem is possible [Refs. 1,2}. 


2. Use the Karhunen-Loeve expansion [Ref. 3]. 

The advantage of the Karhunen-Loeve expansion is that it 
leads to a series of elements, the coefficients of which are 
uncorrelated. These coefficients represent the signal "samples" 
Or components along the dimensions associated with each eigen- 
£UuNCEIOn g, (t). 

Clearly both the "Whitening Filter" approach and the Karhunen- 
Loeve expansion approach lead to exactly the same results. 
C. DERIVATION OF THE OPTIMUM RECEIVER IN COLORED NOISE VIA 

THE KARHUNEN-LOEVE EXPANSION METHOD 


Let us assume that the noise is colored with covariance 





PuncElen K (t,u). We expand the noise covariance function in terms] 
of a set of orthogonal functions. We use the Karhunen-Loeve 
expansion in which the orthogonal functions are the eigen- 


functions of the integral equation 


i 
f Ky (t,u)g, (udu = Regi Ce) iS eps oc (225 
0 


We are now able to expand the received signal z(t), the signals 
y,(t), i = 0,1, and the noise n(t) in the coordinate system 


specified by the set tg, (t)}. iWousiics i= 


K 
z(t) = .i.m J) 2.g, (t) (2.4) 
Kro i=] toc 
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Ig 


K 
n(t) -S) Csi nig, (t) (2355) 
K>0o is 
K 
SE) -= si eeaeem REN (te po Ore 2.6 
Y, ci a ¥.i9; (*) j (2p 
where 
Ak 
Ze = Zee ence eel (2aa8 
a8 0 1 
db 
n, = a n(t)g, (t)dt A Opes (2.8) 
a 
y., = y (een Cede, ae nl 2 ee (2.9) 
J+ 0 J i 3 = 0,1 


It is reasonable to assume that the noise is zero mean. Then 
E(n,) a nG) (nl eee ee (221009) 


The covariance of n; and ie will become 


Al Al 
EL f n(t)g, (t)dt. i) n(u)g, (u)du] 
0 0 


E(n.n.) 


Als T 
- g. (t) . Be ve Els Gig (Oh du dt (215i 
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Best ituting Eq. (2.3) into (2.11) yields 


Sr = Me So CZs) 


where eae is the Kroenecker delta. Equation (2.12) demonstrates 
that the Karhunen-Loeve expansion leads to noise "samples" 
that are statistically independent since the noise has been 
assumed Gaussian. 

We can now express the likelihood ratio test involving the 


K signal "samples" as follows [Refs. 4,5,6] 








2 
K (Zea) 
II exp{- = +} Hy 
i=l V2TTh; Ht . 
A(z, (t)) SS aa, a u (2c 3) 
K (Zaire) 
iL 1 eee Ol H 
II Sal SEES ae 0 
i=l V2Ti, i 
where y is the threshold defined by Eq. (2.1). Cancelling 


common terms, taking the logarithm and letting K to infinity 


yields the decision rule 


mman(z(t))) = b Yai Yo) B a 
ne (2a 


If equiprobable antipodal signals are used, then fn y = 0. 


Expressing the likelihood ratio in terms of the signals z(t), 


Pa! 


y,(t), and Yo (t) by using Equations (2.3), (2.9) aon 


respectively, yields 


Jee 2 g,(t)g, (a) 
f J ly, (a)-y,(u)]z2(t) ~ —-———=—— du dt 
1 0 6 h, 
0 0 a= | 2 
as (t)g, (u) ‘. 
i iS Sie 
+> f J lyolthyg(ulqy) (ly, (@))” ) > dude an 
0 0 i=l 1 
49 
(2S) 
We define 
di 2 eo Ce) aay 
A at a 
Thy () =F Ce) ie i 
0 =1 aL 
(22.06% 
Substituting Eq. (2.16) am Ha {2.15} yeas wene ss ibe 
decision rule 
H 
se . si 
i z(t)h.(t)dt~ - He Sie ceye Ce) 74 (Cejin «(Gay cle ss (2d 
; d oe eee IMs t0 0 aaa 
M9 
where h,(t) is defined byEq. (2.16). ‘The term on the rightonama 


side of the inequality sign is a constant and may be considered 
as a new threshold y'. 

We can get a different mathematical form for h(t) by 
MULE telying Ba. 2. 6) we. K(t,u) and then integrating over 


the interval (0;1T) 2 We thus. cbtarm 


ZZ 


aL £ T 
~ K (t,u)h,(u)du oe Se ya) yaa) 


0 0 
ey Ce ) LL) 
y + dt du 
—el 1 
= y, (t) ~ Yq (t) : 2s ) 


Therefore A, (a) is now defined by the integral equation 


Ae 
J K (t,u)h, (u)du = Y, (t)-yq (t) (Zeno) 


An optimum receiver structure can now be obtained as a direct 
consequence of the decision rule of Eq. (2.17). Eq. (2.19) 
defines h(t) implicitly and the receiver structure is shown 
in Fig. 2.2. We refer to this receiver as a "Colored Noise 
Receiver." Fig. 2.2 shows that this receiver is a correlation 


§ 


detection receiver much like a "White Noise Receiver," except 
that the correlating signal is no longer of the same form as 
that of the transmitted signal but instead is given by the 


solution to the integral equation of Eq. (2.19). 


D. RECEIVER PERFORMANCE 
The performance of a binary communication receiver can be 
quantified as the probability of making an erroneous decision 


labeled Po: This involves finding the probabilities that the 
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output, I, of the correlator (Fig. 2.2) exceeds Or is exceeded 
by the threshold given knowledge of which signal was trans- 
mitted. This can be accomplished since I is a linear combina- 
tion of a Gaussian noise and therefore is a Gaussian random 


variable. Thus, Pes 1S given by 


Ro, 
lI 


P{H,}P{i>y|H )} + P{H,}P{I<y|H,} 


Cc Y i] 
P{H) } a alae | ih WWE a DL = rq Te as ict 


where PtH}, P{H, } are the prior probabilities of sending signal 
Yo OF Yq" respectively. Since we assume equiprobable antipodal 
Signals, PiHy} = P{H, } = + and y* as defined” by Eq. (2.17)"ams 


Zero. wolnee I|Hy and I|H, are Gaussian variables, their mean 


and variance only need to be found in order to evaluate the 


P,- The mean value of I|Hp is given by 
T T 
E{I|H,} = = Dypyce ue to dee is) etal, = 4! ¥q (t)h, (t)dt 
=e (2a 
Simi verily 
z A 
E{I|H,} = F NA ea)s ENGI = wn (22 
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For antipodal signals, that is Yq (t) = “y, (t), we have 
Zee) 


It can be easily shown that the variance of random variable 


Crees is given by 


imconditioned by H 1 


0 


a 
Pert i|H,} = Var{TiH |} = E{[ f n(t)h (t)dt}°} eG (2723) 
at 0 0 d I 
Eq. (2.23) can be written in the form 
9 L i. 
= , ) h,(t)K (t,u)h,(u) dudt (2 Das) 
SM@eticuting Eq. (2.19) in Eq. (2.23A) yields 
5 T 
aS ) hatt)yg(t) dt = 2m, (242 4) 
PrmemeBG. (2.21) and Eq. (2.24) and since y' = 0 for antipodal 
equiprobable signals, Pe becomes 
2 
o0 (I-m, ) 
P = = f - exp{- ; edit 
0 Dae 285 
I 
1 0 1 (I-m,)* 
i f —— exp{- a dI (a2 5)) 
—o D 2 Ze 
TO> if 


75, 


A change of variables in Eq. (2.25) and use of Eqs.) (2.21227 


yields 


cl 
1 
Di a ERE Can z,J yq(t)h,(t) dt) = pRFCs(\/E+2m,) -2m,) (2iez.Gy) 


Observe that the performance.of the "Colored noise" receiver 
dees depend’on the signal waveforms. For white noise inter- 
ference Be was shown to be independent of the signal waveforms. 


mee EQ. (272 7a) 


E. OPTIMUM SIGNAL DESIGN 

Since the performance of the receiver analyzed in the 
previous sections depends on Yqglt), there may be an optimum 
waveform set for minimum probability of error. From Eq. (22m 
it 1s clear that by making Yq ft) large, Pe can be made small. 
Thus, to make the optimization problem meaningful an energy 


constraint is placed on the signal set. That is, with fixed 


T 


o> ae 2 2 
E = z ! (yg(t) + yj) (t))dt 
if WS 5 
J = | yalt)ne (t)dt = sl Wea seve pidieom (252m 
0 d d 0 0 uf 
is to be maximized, where yu is the Lagrange multiplier. It 


then follows from the calculus of variations [Refs. 1,2] that 


ZG 


the optimum signal set obeys 
eee) = hy (*) (2.28) 
and 


it 
s K (t,u)y, (u)du 


da, (t) (29) 


or equivalently 


T 
) K_(t,u)y,(u)du 


dq lt) (23 01) 


There are many solutions to Eq. (2.30) and the one which 


corresponds to the minimal hs should be chosen [Refs. 2,14]. 


F. SUMMARY 

This chapter discusses the theory of designing a receiver 
in the presence of colored noise interference. Figure 2.2 
shows the block diagram of this receiver and reveals the fact 
that this receiver is basically a correlation detection re- 
Som oo. The only difference is that the correlating signal 


h(t) which is given by the solution of the integral equation 


ab 
ee co Uy ey aey (ty = y(t) (2.19) 
0 


Je4| 


must be used in place of Yq (t) as 1S done for an optimum 
receiver operating in WGN interference. The performance of 


this receiver assuming equiprobable antipodal signals is given 


by equation 


T 
a 
P, = ERFC«(\VF 4 ya ie) ae Cie che) (2.26) 


The performance depends heavily on the signal waveforms. 
An optimum signal waveform set is given by the solution of 


the integral equation 


1 


f Ky (twys(ujdu = 5 ya (t) . (2.30) 
0 i 


The design procedure of a colored noise receiver will then 
consist of the following steps: 


l. Identifying the environmental noise and formulating 
its copnelation, Function, 


2; Solving Eq. (2,49) forvene coprelatingeci¢gnall h, (t) 
when y, (t) and Yo (t) are known. 


3. If y,(t) or yo(t) are not given, then Eq. (2.30) must 
be solved first for an optimal signal set and only 
then can Eq. (2.19) be solved for the optimum 
correlating signal. 
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III. SOLUTION OF FREDHOLM INTEGRAL EQUATIONS 


A. FREDHOLM INTEGRAL EQUATIONS 

As demonstrated in the previous chapter, an important 
step in the design of the colored noise receiver involves 
solving an integral equation in order to obtain h(t). That 


is, a solution to the following equation must be found. 


fh 
JK (t,ujh,(ujdu = y(t) Ol eemceeT (oie) 
0 


This equation is called a Fredholm Equation of the First 
rena. The function K (t,u), namely the noise covariance, is 
called the kernel of the equation. If the kernel of Eq. (2.19) 
contains singularities, or equivalently if the colored noise 
contains an additive white noise component, then K_(t,u) 


takes on the mathematical form 


N 
et, u)) = 6 (t-u) + K(t,u) (*) (3.1) 


which when substituted in Eq. (2.19), yields 


ga 
ee ene, O) ecu (e) 0 < t < T (er) 


al 
ae 
0 


d 


* 
( ) Throughout this thesis, 6(t) denotes the Dirac Delta 
Hane t lon. 


Zag 


This equation is called a Fredholm Equation of the Second 
Kane. 

The sropereiee satisfied by these equations have been dis- 
cussed and proved in many textbooks [Refs. 2,11,12]. We shall 
state here only those properties that are important to the 
present work. 

Property 1: If the kernel does not contain singularities 
(i.e., no white noise component) a finite square integrable 
solution to the Fredholm I equation will not exist. 

Property 2: In this case of kernel singularities, a 
solution to the Fredholm I equation will exist only if we 


allow it to contain singularity functions (impulses). 


The solution will then bevwereenes orem 


= (k) 
ha(t) = h(t) 7) a.hy.(t) + DMS Ss 


i (E) (32533) 
1 k 


where Dia and hy; (t) are the particular and homogeneous 


solutions, respectively, to a differential equation derived 


from the Fredholm I equation and SU ES) is the k-th derivative 
Of 0 1b) > Ret seed 
Property 3: The solution to Fredholm equations are at 


best tedious to obtain and in many cases solutions are very 
difficult or impossible to obtain. In two specific cases 
there is a straightforward procedure for solving Fredholm II 


equations. 
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1. If the kernel is separable, the solution is quite 
easy to obtain [Ref. ll]. 

Ie If the noise power spectral density is a ratio 
of two polynomials, a solution can be obtained 
after following a specific procedure. This situa- 
tion occurs when the colored noise is the steady 
state response of a linear time invariant system 
excited by white noise. 

In this research, we shall deal only with Fredholm II equations 


for the following reasons. 


1. From a practical standpoint, we do not want to deal 
with the problem of trying to generate impulse functions. 


2. In real physical systems there will always be some 
white noise component, however small, due to thermal 
effects in the electronic circuitry. One is never able 
to totally eliminate the white noise component. 

Also, we will deal only with colored noise having a rational 

spectra since it best models the output of real physical 

systems. 

B. GENERAL SOLUTION TO FREDHOLM II EQUATIONS FOR BASEBAND 
SIGNALS 


The Fredholm II equation of interest is 


N Ah 
u 
Fhalth+ f K(twhgwdu = ye) o<t<T (3.2) 


We assume that: 


1. The white noise component has power spectral density 
level N,/2 watts/Hz. 


Sul 


2. The noises are wide-sense stationary (W.S.S.) 


3. The Power Spectral Density (P.S.D.) of the colored noise 
can be expressed as a ratio of two polynomials that are 
functions of the complex variables, namely 


N(s7) 


d_(s) 
Dee) 


Cc 


(¢.(s) and Kott) avevaytwevsidedeiaplace tranctonm 
pai). Multiplying both sides of the above equation by 
D(s*) yields 


Dis“)¢ (s) = N(s*) (3.4) 


Multiplication by s corresponds to differentiation with respect 


to t in the time domain. So, Eq. (3.4) becomes 


D(p*)K (t-u) = N(p7) 6 (t=u) (335) 
where p = d/dt. Operating on Eq. (3.2) with D(p*) yields 


2a! A 2 
Bes) We alte) ! h,(u)D(p*) [K.(t,u) ]du 


= D(p*) Lyq (t) 1 (3B 


Substituting Eq. (3.5) in (3.6) and performing the integration 


yields 


al 2 2 
D(p ) h(t) J + N(p ) Th, (t)] = [Dive )¥ q(t) (3.75 


SV 


Eq. (3.7) is a differential equation that must be solved 
completely. In this research we deal with a simple colored 


noise model in which the output of a lst order Butterworth 


filter driven by white noise is taken as the source of colored 





fe@ee. Thus its P.S.D. is given by 
N(s*) 208 
os) = Mae 5 (3.8) 
D(s-) -s' +8 


Equivalently in the time domain 
Ket) ne eS 9) 
PWesteituting Eq. (3.8) into (3.7) yields 
oe 1 2 
Dip’) [+ hy(t)] + 2a8fhj(t)] = Dip ly, (t) 


Operating with Bien) yields 


Ny - Ny 5 = 5 
7 h(t) + (8 “- 2a8)h ,(t) = “¥ q(t) +8 Yq (t) ye SING), 
Eq. (3.10) is a second order differential equation. Its 


solution is of the form 


B15) = Hg = Kh, ft) ip Koh, 2 (t) (Se) 


where h,, (¢) is the particular solution and hy 7 (t) and Apo (t) 


form the homogeneous solution. Substitution of Eq. (3.11) 
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into Eq. (3.2) leads to two simultaneous equations that Ky 
and K, must Satisfy. Solvang fon Ky and K., explicitly gives 
the complete solution. 

A similar procedure must be applied when the noise is 
modeled as the output of a higher order Butterworth filter. 


For such a case (Nth order Butterworth filter), the noise 


P.S.D. is 


2N 2 
RB Nace 
do (SS) Sees (312) 


Substituting Eq. (3.12) i ho ee), elas 


N 2N N 
ieee 1 2N 2N 
rect Aft) J 45 [—-(B) + (6) h(t) 
te 
2N 
d 2N 
= Vat) ee Vee) (3.202 

atoN d d 


There will now be 2N homogeneous solutions and a particular 

solution. Substitution into the Fredholm II equation will 

lead to 2N simultaneous equations from which the constants 

associated with the homogeneous solutions must be determined. 
The complete solution for the case in which Y(t) is 

rectangular or sinusoidal is worked out in detail in Appendices 

A and B. The procedure is long and tedious so that for higher 


order filters numerical techniques must be utilized. 
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C. GENERAL SOLUTION TO FREDHOLM II EQUATIONS FOR 
BANDPASS SIGNALS 


In practice,the communication signals are baseband signals 
which modulate a carrier prior to transmission. The received 


Signals can be modeled as 


Hypothesis Hy: Z(t) = y,(t)cos Wot + eens < T 
(3-14) 
Hypothesis Hy: ZA) = Yo (t)cos Wyt + Mic eC, < 
Yq (t) cos Wy t = Ly, (t)-yg (t)]cos wot G3 ,21k>)) 
where Wo is the carrier frequency and y,(t), and Yo (t) are 
the baseband signals. 
The Fredholm II equation now becomes 
N, ~ Jo “ 
a h(t) + f K (t,u)h,(u)du = Yq (t) cos u,t (3.16) 


0 


where h(t), K(t-u) represent bandpass waveforms. 


Lad 


The bandpass autocorrelation function K (t,u) can be ex- 


pressed as 


K (t-u) = K ,(t-u) cos We (t-u) (3217) 


where K ,(t-u) is the baseband autocorrelation function. 


eho. 


The solution of this equation follows the same procedure 
as the one used in the solution of Eq. (3.2) but is consider- 
ably more ceconer 

In Appendix C, we prove that if the carrier frequency Wo 
is much bigger than the bandwidth of the noise or the band- 


width of the information signals, then the solution to Eq. 


(3.16) is approximated by 
h(t) = h,(t)cos Wot (33b8) 


where h(t) is the solution to the Fredholm II (Baseband) 
equation soOt sone. re 

Since in practical cases the carrier frequency is much 
bigger than the bandwidth of the data or of the colored noise, 
we will only solve the Fredholm II equation for baseband signals 
and will use this solution as the solution for the bandpass 


case using Eq. (3. le)e 
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IV. RECEIVER DESIGN AND PERFORMANCE IN THE 
PRESENCE OF COLORED NOISE INTERFERENCE 

A. INTRODUCTION 

This chapter presents the analysis of a typical case in 
which the communication receiver operates in an environment 
which consists of colored noise interference. This interference 
can be due to an ECM jammer, a 'friendly' electronic emitter, 
or some multipath interference. This chapter presents the 
design of the colored noise receiver which is optimized to 
the presence of the interference. The performance of this 
receiver is analyzed and compared to the performance of a 
coherent digital communication receiver (designed for white 
noise only interference) operating in the same environment. 
The most important parameter in the design procedure is the 
interference P.S.D. This fact creates problems when designing 
a colored noise receiver whose function is to suppress hostile 
interferences. However there are many applications in which 
the P.S.D. of the colored noise is either known or can be 
measured sufficiently accurately. A typical such application 
occurs when a digital communication receiver has to operate on 
board a ship or an aircraft in the presence of other friendly 
emitters such as radars, ECM transmitters, or navigational 
equipment. Those emitters whose characteristics are known, 
often cause significant degradation in the quality of the 


Beowedl communication Channel. Even multipath interference can 
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be measured and modeled as colored noise interference whose 
power spectral density or autocorrelation function are known. 
The results of this chapter demonstrate that in such situations, 
utilization of a colored noise receiver with "proper" signal 


waveforms can improve the Pa performance. 


B.. THE MOREL 

The system model consists of a digital coherent communica- 
tion receiver Operating in the presence of both colored noise 
and additive white noise interference as shown in Fig. 4.1. 
Both noises are assumed Gaussian. 

The signals are binary, at baseband, and encounter baseband 
interference. Extensions to bandpass signal analysis is 
straightforward, given the results described in Chapter III, 
Section C. 

The colored noise source block diagram is shown in Fig. 4.2. 
This is the typical block diagram of a noise jammer [Ref. 13]. 


The output P.S.D. of the colored noise source is 
NG 
N,(£) = = H(£)H*(£) (4.1) 


where H(f) is the transfer function of the amplifier chain. 

For the sake of simplicity, we model the amplifier chain as a 
one-stage amplifier of gain G followed by a first order Butter- 
worth filter with 3 db bandwidth 28. if the inpwt Go thae 
source is a white noise with P.S.D. level No/2s then the output 


P.S.D. is 
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oy, 


me =) I ae ac! 


where 


e (4,333 


The P.S.D. can also be written in accordance with the nota 


tion of Appendix A as 


2a8 
p (s) = (aa) 
C ~< +p° 
where 
N 
a 0 
cy = 7 (45) 


In the time domain, the autocorrelation of the colored noise 


1s given by 
K.(t) = a exp(- B eee (4.6) 
and the power of the colored noise is given by 
Xe 
P . = ee — Gi — eye RB (45979 


One should notice that since a constant power source is 


assumed, an increase in the bandwidth 8 must be accompanied by 
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a drop inthe gain G so that Ps in Eq. (4.7) will remain 
unchanged as 8 is varied. The colored noise receiver struc- 
ture is shown in Fig. 4.1. 


The input to the receiver is 


Hypothesis Hy: z(t) = Yo (t) + n(t) + nt) 
Um t os 
Hypothesis Hy: z(t) = y, (t) + n(t) + n,(t) 
where De and yee are defined as 
a 0 Safes 2 
Yq (t) = (4.8) 
| 0 Ogee, Gt aE 
A (eee < 
0 Omri at TL 
and for convenience we define (as before) 
Yq (t) = y(t) = Yo (t) (4.10) 


C. RECEIVER DESIGN FOR RECTANGULAR PULSES 

As discussed in Chapter II, the optimum receiver is (as 
can be seen in Fig. 4.1) a correlation detection receiver. 
The correlating signal, h,(t), is the solution of the 


Fredholm II Integral equation 
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N ul 
eee) 4) K (ea) ee eye) Gee: 


The detailed solution of Eq. (3.2) for the specific autocorre- 
lation function and signals given by Eqs. (4.6) and (4.8), (4.9) 
respectively, is worked out in Appendix A. The solution is 
given by Eq.) (A213) 7a nanics,, 


hit) = CCl Kale meee i) Omega (A.13) 


1 


where K,, Kj, ©, and y are constants defined by Eqs. (A.15), 


(A.16), (A.17) respectively. Defining now 
N 
m 5 \/l + = (4.11) 
al 


where No is given by Eq. (4.3) and N,/2 is the white noise 


P.S.D. level and also defining 


| 


oak (4.12) 


where T 1s the length of the integration time in the receiver 
it is now possible to specify A(t) in compact form. Observe 
that the factor 1/T can be interpreted as the bandwidth of 

the receiver, so that E can be viewed as the ratio of the 
interference bandwidth to the receiver bandwidth. Substituting 


into the results of Appendix A the above definitions as well 


42 


as the definition of a as given by Eq. 


A(t) as 


(4.5), we can express 


amruUnGcinonsoOt A, Nos Ny. m and E as follows 








4A 
me = (ae 3) 
No +Ny 
—-Em m,-l -2Em 
ai il ai 
(m, +1) [e ot m+ = ] 
K = = = (4.14) 
i m,+1 - m4 JE ; 2Em, 
m,~-1 m,+1 
m.+L 1570 
1 iP 
(iat ll ill me ] 
K, = (4.15) 
m,+1 ; Bay 
m,-1 m,+l 
+Bm,t -Bm,t 
h(t) = C+ CKj)e + CK5€ (4.6) 
Ignoring the constant of proportionality C, it is easy to 
see that h,(t) rsa LUnCEMonee fF my andwern Using Eqs. (4.7), 
med), (4.12), m, can be written as 
N P.4A°T 
m = \/lte = Vi+t—> y + SSRN (4.17) 
I BNjA I 
where 
P. ze 
JSR = 4, SNR = 5+ (4.18) 
A 
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The factor JSR is the ratio of the jamming power to signal 
power. The factor SNR is the ratio of bit energy to white 
noise power spectral density level. This factor can also be 
interpreted as the signal to noise ratio. The product 

(JSR) (SNR) represents implicitly the ratio of the interference 
power to the white noise power at the input to the receiver. 
It is independent of the signal power. 

Figure 4.4 presents a plot of h(t) as a function of time 
normalized to T for (JSR) (SNR) = 1, and different values of 
E. Figures 4.5 and 4.6 show similar plots for different 
(JSR) (SNR) values with E as a parameter. 

These figures show that decreasing the interference power 
or increasing E tend to make the colored noise interference 
less dominant in comparison to the white noise. Effectively 
this makes the receiver behave very much like a white noise 
receiver. It is not particularly difficult to design a system 
whose output will be A(t). Such an implementation is suggested 
in Appendix D. Furthermore, there are now programmable signal 
generators in the commercial market. However we should be 


aware that h(t) depends on: 


1. The colored noise autocorrelation function, and signal 
waveform. 

2. The colored noise power relative to the white noise 
power. 


3. The colored noise bandwidth relative to receiver 
bandwidth. 


These factors must not only be known but must also remain time 


independent, unless adaptive techniques are used. This would 
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otherwise seriously complicatethe electronic circuitry. These 
hy (t) dependencies cause significant constraints on the application 


and use of colored noise theory to receiver design problems. 


D. RECEIVER DESIGN FOR OPT Pian Purses 

Colored noise theory results demonstrate that the per- 
formance of the optimal colored noise receiver, unlike the 
white noise receiver, depends on signal waveforms Yo (t) and 
y, (t). The optimal choice for Yq (t) and y, (t) is obtained as 
a solution of the integral equation given by Eq. (2.30). W:2 
now assume that the model described in Section IV.B is valid 
except that the binary communication signals are no longer 
rectangular pulses but can be chosen by the system designer. 
In other words the system designer has one more "degree of 
freedom." In order to determine the optimum waveforms to 
be utilized by the system designer, we solve the integral 
equation of Eq. (2.30) for the case in which the kernel is 
defined by Eq. (4.6). The solution is worked out in detail 
in [Ref. 14] and consists of a set of cosines and sines of 


frequencies b. which are the solutions 


B 
= 


B 


) (tan b.T - a wy) toe (4.19) 


a 


(tan b.T + 
al 





There is an infinite number of solutions to Eq. (4.19). Since 
antipodal signaling can be shown to be optimum, we choose 


one, Soller on won y, (t) and Yq (t) given by 
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Pat —eAecan bt O<t<tT 
Yo(t} = -Asinbt me SL 
(4.20) 
Yqg(t) = 2A sinbt O<t<T 
a) Yo (t) =e) cee otor (tt < 0 


and analyze its effect on receiver design and performance. 
Having specified Yglt), the correlating signal A(t) must be 


found as a solution to 


N A 
—h.(t) + J K (t-u)h, (u) du =e) a oye) ean (Ga 211k) 
0 


The detailed solution of Eq. (4.21) is worked out in Appendix 


By - The solution is given by Eq. (B.6), namely 


Vale 


ee SC sanbe cK o> | cK.c (B.6) 
d IL Zz 
OR eae 
where Ky. Ko, once eae nOe PimMecmoy hac. (B.8), (B:.9), (B.5) 
and (A.17) respectively. With m, and E defined by Eq. (4.11) 


I 


and Eq. (4.12) respectively, we can express hy (t) as a function 
or A, No: Ny, Ms E, and b/g, the latter being the ratio of 
the signal's frequency to the bandwidth of the interference. 


Thus, the constants of Eq. (B.6) are given by 
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4a((2)* +1] 
Pa ee (4.22) 


jon 
No +N, +N, (3) 
-Em -2Em 
[sin bt + (2) cos 1 Eee ene Stim =i) < i 
:. os ee ee 
IL +1 m,-l —-2Em i 
>? m 
at (3) In——7 - ~57 € = 
a ik 
-Em 
Et) tn +1) + (m,-l)e ster bT + b cos bT] 
Ki = eo ee eee 4.24 
Ze +1 2E : (4.24) 
> m le tly lle 
tee) i$ oc 
B m,-1 m,+1 


Ignoring the constant of proportionality C, it can be seen 


that h(t) 1S altunction of Mm, Bp ang ° 2 [Notice that 
Sin bT can be expressed as sin(? 87) = sin(ZE) «] The meaning 


of the factors m4 and E has been discussed previously. Fig. 
4.7 1s a plot of h(t) as a function of time normalized to 

T for (JSR) (SNR) = 1, b/f = 1 and various values of E. Fig. 
4.8 is a similar plot except that (JSR) (SNR) = 10. Figs. 4.9-= 
4.12 are repetitions of Figs. 4.7 and 4.8 for various values 


Of bye. 


E. PERFORMANCE OF THE "COLORED NOISE RECEIVER" 

Once the colored noise receiver has been designed, its 
performance must be evaluated. This section analyzes the 
performance of the colored noise receiver designed for the 
detection of rectangular binary signals. 

The performance of a colored noise receiver with equi- 


probable binary antipodal signals was derived in Chapter II.C, 
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Miemies PrObabality of Error 1S given by Eq. (2.26), namely 


T 1/2 


P, = ERFC, (7 Jf Yqltihg(t) at (2.26) 


If we substitute Yqg(t) as defined byEqs. (4.8) and (4.9) and 


substitute Aa (t) as defined by Eq. (4.16), we obtain 


T 2 8m_t -Bm_t ive 
a = ERFC, (7 f oll +Kie 1 +Koe i ale) C4) .25) 
0 0 1 
Bm, T 
2 K. (é =), 
= ERFC, (5 | ag am, 
Nj (1 ae 
-Bm.T 
K, (1 ae 1’) , Jyge 
+ 
8m,T ; 


B@estituting Eqs. (4.12)-(4.16) in Eq. (4.25) yields 


—Em —-2E (m,+1) 


De a LS TS eT) 1/2 
: 2 (SNR) 1 1 
ee EC, | i ct =o arb ian 
[14+ (JSR) (SNR) =] il 1 7 
E Em (-—= - ss OES ) 
L‘m=I ~ m+ 


(4.26) 


Observe that if E becomes unbounded, or equivalently if the 
colored noise has such a large bandwidth that its P.S.D. level 
is nearly zero for all frequencies, then the colored noise 
receiver should reach the performance of the white noise 


receiver. Indeed, letting E> ~ in &q. (4.26) yields 


3) i) 


P_ = ERFC, (2SNR)*/* (4.27) 
where Eq. (4.27) is the same as Eq. (2.2) for the white noise 
receiver. 

Figs. 4.13 and 4.14 show the performance of this receiver 
for SNR = 10 and SNR = 1 respectively, for various values of 
JSR. It can be easily seen that as JSR increases, Ee increases 
also. In fact, if we define P = ies error/bit as the maximum 
probability of error tolerable, looking at Fig. 4.12, one can 
say that the receiver will not function properly for JSR 
greater than-l2db. These graphs show also the effect of 
increasing E. Increasing E spreads the jamming power over 
larger frequencies thus making the P.S.D. level lower at all 
frequencies. This causes a decrease in the amount of channel 
interference which in turn causes an improvement in the 


receiver performance. 


F. PERFORMANCE OF THE WHITE NOTSES ee CE iy fk 

In order to better understand the performance of the 
colored noise receiver, it is desirable to compare its per- 
formance to that of the coherent digital white noise receiver 
when both operate under the same conditions. In other words, 
we deal with the model described in Section B. However, the 
colored noise receiver of Fig. 4.1 is replaced by the white 


noise receiver of Fig. 4.3. 
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The input to the receiver is 


Hypothesis H z(t) = Yq (t) + n(t) + nj (t) 


an 
Hypothesis H,: Z Ge) e— y, (t) + n(t) + nt) 


where Yo (t) and y, (t) are assumed to be two antipodal signals. 
The input signal z(t) is correlated with the signal ae) aris ; 
Ss 


where Ee is the energy of each signal. That is, 


10 as 


_ 2 _ 2 
E, = 4) y,(t)dt = ,! Yo (t)dt (4.28) 


The receiver generates the statistic 2, which is a Gaussian 


random variable. Its mean under both hypotheses is given by 


Ak 
_ 1 
eal = E(-—— | y, (t) ly, (t)+n_(t)+n, (t) Ide] 
VE_ 0 
le ase 2 = 
= — f yz (t)dt = i (Am2 9 ) 
YE_ 0 
S 
E(2|H] = - VE. (4.30) 
Eqs. (4.29) and (4.30) were derived under the assumption that 


both noises are zero mean. This assumption is reasonable 


given the physical sources of most noises. 


ol 


The conditional variance of 2 is given by 


var (2| Hy] E((2-E(2/H,))*|# 


1! 





ll 
es) 
‘ooo 


T y,(t) a 7 
J = (y, (t) +n, (t) +n, (t)dt -VE dt } eave 


; eee 
E 7 J ¥,(t)y, (t) [E{n, (t)n (1) } 


+ Bit ae) Cc) Eee ee 


zt E{tn (t)n (t) J} at dt 


Since n(t) and n(t) are assumed to be statistically indepen- 


dent zero mean random processes, we have 


Efn (t)n (t)] =) 05 [ne Gen ic) (435) 
Furthermore 
E{n (t)n (t)] = a - Bl t-7 (4.34) 
and 
No 
Ein (t)n (t)} = = &t-t) (4359 


feeeeteucing Eas. (4.33), (4.34), (4.35) into Eq. (4.32) 


yields 


~8|t-T| N 
1. 2 al 
eee) > oe 17 ———_ +A —S{t-t)]dtdt (4.36) 


Performing the integration yields 


N N 
= sel Orel + exp(—E) 
var [£|H,] ee ———| aay ) 
where E is defined by Eq. (4.12). 
Applying the same procedure for the evaluation of 
var[2|Hol, we can easily show that 
var{2|H,] = var[2|Hg] : (4,38) 


Knowing the statistical behavior of &, the performance of the 


receiver can now be derived. We obtain 


0) 
I 


E 
ERFC,{, /<—<———____} (4.39) 
. ‘ Vee +exp(-E) | 

De: E 


2E /N 
_ 0 .E-1 rexpie)) 


Nn, 


The ratio No/Ny can be written (using Eq. (4.18)) as 
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2 


N 4p. ewe P. 2 

Age. _ Cais re ee | 4 
ae, CEE gee ee —(—=) (——) = ==—(JSR) (SNR) (4.40) 
Ny BN, BN, ACT E AZ N E 


Substituting Eqs. (4.18) and(4.40) into Eq. (4729) ey2elda- 


P, = ERFC,{, /————_+888____________ (4.41) 
1 +4 (JSR) (SNR) [E-1 +exp(-E)]/E 


Eq. (4.41) specifies the performance of the white noise receiver 
in the presence of colored noise interference as a function 

of signal to noise ratio, jamming (or interference) power to 
Signal power, and E, which is defined by Eq. (4.12). As 
previously stated, E is the ratio of interference bandwidth 

to receiver bandwidth. Figs. 4.15 and 4.16 show the performance 
of the white noise receiver for SNR = 10 and 1, respectively, 

at various values of JSR and E. If we compare these figures 

to Figs. 4.13, 4.14 which show the performance of the colored 
noise receiver that has been optimized to the specific inter 
ference, we reach the conclusion that the performance of both 
receivers is almost the same. In fact, due to the limited 
resolution of the figures, one can hardly notice any differ- 
ence in performance at all. In order to show the actual 
differences in performance, Tables 4.1-4.5 present numerical 
values for the performance of both receivers under various 
conditions. The tables show that the colored noise receiver 
always has better performance. However, this performance 
improvement is in the order of a few percent in the best 


cases. 
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00.65 1 Om069 8 Chegi)eo lls) 
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One must conclude that under the given conditions, the colored 
noise receiver does not perform significantly better than the 
white noise receiver. The next logical step is to choose 
optimum signals and determine whether the colored noise 
receiver affords greater performance improvement over a white 
noise receiver operating in the same environment. 

G. PERFORMANCE OF THE "COLORED NOISE RECEIVER" WITH 

OPTIMUM WAVEFORMS 

As has been demonstrated the colored noise receiver does 
not perform Significantly better than a white noise receiver 
for the signal choice of the previous section. However, the 
performance of a colored noise receiver, unlike that of a 
white noise receiver, depends on the signal waveforms. In 
this section we use the optimum signal waveforms derived in 
Section D (Eq. (4.20)) and analyze the performance of the 
receiver which is designed to match these waveforms. 


The performance of the colored noise receiver with 


equiprobable binary antipodal signals is given by 


i) ee 72 
P, = ERFC,(7 ) yg (Eig (HEN Gke, (2.26) 
where Yq (t) was defined by Eq. (4.20), namely 
Yg(t) = 2Asinbt . (4.20) 


rae 


The correlating signal h(t) ToaGerinegdupy Ba. (B.6) and 


repeated here for convenience 


ie + CK Bae A 


fmet(t) = C sinbt + CK.¢c 


1 


where the constants C, Ki, and K, are defined by Eqs. (4.22), 
(4.23), (4.24) respectively. 
Substituting Eqs. (4.20) and (B.6) into the integral of 


Hee (2.26), yields 


1 lt i —- Ie. 
P. = ERFC,(> f 2A sinbt(C sinbt +CK,e%" +CkK ec ‘"Jdt) 
e 4 0 il 2 
(4.42) 
Evaluating the integral yields 
T,, sin 2bT “ai 
Pee RFC, TAC(A(1 ht Taaeee nb P-bucgs bt] 
y +b 
ems K,b ene i772 
tet ee SL SiinbT -b cosbT)]} 
Y +b y +b Y +b 
(4.43) 
We define a normalized frequency b, 
a 2 (4.44) 


The normalized frequency b is the ratio of the signal frequency 


to the noise bandwidth. Notice that when dealing with bandpass 


pal 


Signals, this is the ratio between the frequency of the 
modulation to the noise bandwidth. 
Using Eqs. (4.44) and (4.12), the factor bT can be 


written as 
bl BT = aoe (Aguas) 
Also, using Eqs. (A.17) and (4.11) yields 


YT = my ope mE (4.46) 


Substituting Eqs. (4.46), (4.45), (4.44) and (4.22) into 


Eq. (4.43) yields 


yD ; —_ 
4h" 7 Sin 2bE —2 —Em 
N z(t == ee m.sin bE-b cosbE + be : 
di OA a), dl 
P = ERFC 1 + 2K : 
e No 5 1 : Im< +b*] () - Sin 2bE, 
—-1l1 +b JL 2DE 
N 
alt 
-—-Fm ; 
b-e * (am, sSinbE +b cosbE) 1/2 
+ 2K, Bae +B?) (] 25am DBE, ae 
1 2DE 


The signal energy Es 1S given by 


5, = 
B) = aU 2 Sune Ey (4.48) 
2bDE 


Substituting Eqs. (4.48) and (4.40) into Eq. (4.47) yields 


UZ 


=—EM 


a oe — 1 
, — oSNR oe my SiInbE -—b cosbE +be 
e * \ 4(JSR) (SNR) 1 = 
Ee es aera 272 Sin 2bE 
E (145°) roe ie as pam 
2bE 
_ —Em, paces 2 
b-e (m, sinbE +b cosbE) 
A A a (4.49) 
E(m +b*) (1 - StF, 


2bE 


The constants K K. are defined by Eqs. (4.23) and (4.24). 


Mion 
Eq. (4.49) is a rather formidable expression. It can be 
Calculated by a computer. 

Figs. 4.17 and 4.18 show the performance of the colored 
noise receiver matched to sinusoidal waveforms, for SNR = 10 
and E = 1.0 as a function of b. They also show for comparison 
purposes the performance of the colored noise receiver matched 
eoweectangular pulse waveforms. The important conclusion one 
Can draw is that by increasing b, the performance of the 
colored noise receiver matched to sinusoidal waveforms improves 
Bagmificantly. 

Consider the following numerical example by referring to 


Fig. 4.17. For SNR = 10 and JSR = 1 the colored noise receiver 


matched to rectangular pulses has P, aie lowe Lhescolored 
noise receiver matched to sinusoidal pulses has a eos 020165 
for the same JSR and SNR values and b = 1. This represents 


a significant improvement however neither receiver can function 


properly at such a high Poe Increasing the signal frequency 


up to b = 6 causes Es to drop to a value of ome Now the 
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latter receiver can operate properly even under severe 
jamming conditions. Notice that in spite of the fact that 
the signal Frequency has been increased, the signal energy 
collected by the receiver is not decreased by as much as that 
of the interference. Thus receiver performance improves. 
One must conclude that it is best to increase signal frequency 
as much as possible until hardware constraints are reached. 
Figs. 4.19 and 4.20 show data similar to that presented in 
Fig. 4.17 except that now the interference bandwidth is much 
smaller. Nevertheless, similar conclusions can be reached. 
H. PERFORMANCE OF THE WHITE NOISE RECEIVER WITH SINUSOIDA: 

PULSES 

As was demonstrated in the previous section, the use of 
Sinusoidal optimum pulses significantly improved the per- 
formance of the colored noise receiver in comparison to the 
performance when rectangular suboptimum pulses are used. [In 
this section we evaluate the performance of the white noise 
receiver with sinusoidal pulse signals in order to determine 
whether the improvement discussed above for the colored noise 
receiver also occurs for the white noise receiver. The white 
noise receiver performance in the presence of white noise is 
independent of the signal waveform. However when an additional 
(colored) interference is introduced, the performance of the 
receiver is affected by the signal waveforms as will be 


demonstrated in the sequel. 
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The inputs to the receiver are: 


Hypothesis H z(t) = yp(t) +n (t) + n, (t) 


ie 
OS es Ul 
y, (t) + n(t) 4 n(t) 


Hypothesis Hy: Zita) 


The signal waveforms are 


y, (t) =e sam bt 
(4550) 
Yo (t) = fear) Jove 
so that 
Yq (t) = YN ase Jot (4251) 
The energy per bit is given by 
At T T 
E = f y-(t)dat = fi ye (t)dt = f AC sin“bt dt 
s 1 0 
0 0 0 
AT sin 2bT 
~ 2 [1 ZT Sgae a! 


The statistic £ generated by the receiver has a conditional 
mean given by Eqs. (4.29) and (4.30). 

The conditional variance is given by substituting Eqs. 
(oo) (4254), (4.35) and (4.50) into (4.32). Performing the 


substitution yields 
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i, No8 
i ij f A sinbt sinbt[—— 
s 0 0 


a 
>= §(t=T ) }dieem 


var [2|H,) Bes esc) 


N Al a NA8 
= ~ os f f a Samo t Sina — = Beet aoe 
0 0 
N A°N 8 ae Te 
= ++" f sinbtl Jf sin br c 9 Yar 
s 0 0 
Zi -8 (tT-t) 
+ i) Sineor = at |idteuee (4.533) 


Performing the integration and substituting Eq. (4.52) yields 


N N 2 eZ 
= JE 0 B Sin bT 
RB +b E(1 -—3p7 


where E is defined by Eq. (4.12). 
Applying the same procedure for var [£|H9] yields the 


same result as Eq. (4.54). Thus 
var[£|H,] = Varl2|Ho] . (4.38) 


The performance of the receiver can now be calculated 


from 
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Eee )= CE RFC, (4.56) 





ERFC, 





Substituting Eq. (4.49) yields (4.57) 





a = ERFC, ; (Geo 7 ) 
4 (JSR) (SNR) al Sin bT 
1 + = eye os ) 
iL aay E(1 Sin 2bT) 
Zu 
Eq. (4.57) specifies the performance of the white noise re- 
ceiver with sinusoidal pulses in the presence of white and 
colored noise interference, as a function of SNR, JSR, E 
(defined by Eq. (4.12)), and (2) which is the ratio of the 
Signal modulation frequency to the bandwidth of the inter- 
ference. Figures. 4.21-4.25 show a comparison of the perfor- 


mance of the receivers analyzed. That is, the white noise 
receiver and the colored noise receiver, both with sinusoidal 
pulse waveform and with rectangular pulse waveform inputs. 
By analyzing these figures, one can reach the following 
conclusions: 
1. For narrow-band interference like the one shown in 


Fig. 4.21 (E = 0.1), the colored noise receiver matched to 
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Sinusoidal pulses performs much better than the white noise 
receiver with a similar input. Let's define an improvement 


— 


maecor, I, 


where P, , 1s the performance of the former receiver and Pe2 
is the performance of the latter receiver. 

Looking at Fig. 4.21, one can see that for low modulation 
frequency (b), the improvement factor is significant and can 
reach a value of 30. As the modulation frequency increases, 
the improvement factor decreases. At very high modulation 
frequencies both receivers have almost equal performance as 
can be seen in Figures 4.23, 4.24, 4.25. 

2. For low modulation frequencies, the white noise receiver 
with sinusoidal pulse input performs worse than the white 
noise receiver with rectangular pulse inputs. 

3. When JSR increases without bound, both receivers are 
driven into saturation and the improvement factor decreases 
as can be seen from Fig. 4.22. 

4. As the bandwidth of the interference increases, the 
improvement factor decreases as can be seen from Figures 4.21, 
4.23, 4.25. However the colored noise receiver exhibits 
better performance than the white noise receiver with similar 


imipuUtS . 
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V. RE PREFILTER--COLORED NOISE THEORY Ghee ws 


A. INTRODUCTION 

As discussed in Chapter II, a common source of nonwhite 
Gaussian noise in the communication channel is the presence 
of a bandpass element between the transmitter and the signal 
processing sections of the receiver. The most common such 
bandpass element is a low noise RF preamplifier used to 
improve the sensitivity of the receiver. 

In this chapter we analyze the effect of this RF preampli- 
fier, using some of the methods and results previously derived. 
The analysis will be done for two different cases. 


1. The ideal case in which the noise figure of all the 
elements in the receiver is equal to unity. 


2. The more realistic case in which the receiver components 
have noise figures that are greater than unity. 

B. THE MODEL 

In this chapter, two receivers will be analyzed and their 
performances will be compared. The first receiver is a 
binary coherent digital receiver. This receiver is optimum 
for discriminating between signals received in an additive 
white Gaussian noise environment. The input to this receiver 
consists of the information signals with the additive white 
Gaussian noise having P.S.D. level No/2- This receiver is 
described by Fig. 5.1. The second receiver is described by 


Fig. 5.2. It consists of an RF preamplifier at the front end 
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White noise receiver 
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Y} (t) 
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Yo (t) 





Figure 5.1 


Colored noise receiver 


Signal 
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Yo fe) 





Figure 5.2 Preamplifier Receiver 
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of the receiver. We assume that the preamplifier has a 


transfer function given by 


H(f) = (Sys) 


GB 
j27£f +8 
The input noise power spectral density level is No/2- The 
RF preamplifier produces a colored noise component due to 
the white input noise, having power spectral density given by 


2 


N 
¢ (s) = +> ¢° —f__, (s = j27f£) (5325) 
=S° Ja 


It 1S reasonable to assume that at the input of the correlator 
there is also an additive white Gaussian noise component due 
to the front end thermal noise.” The total noise P.S.D. at 

the input to the correlator is thus 


2 


G 5 (Sea) 


"0: 30% = 2a 
2 2 Be a 


o(s) = o,(s) + > (s) = 
Observe that the information signals are distorted by the 
preamplifier and therefore the output of the preamplifier no 
longer preduces signals Yo) (t) ,or y, (t), but rather Yo (t) Ors y;(t). 
Clearly y; (t) and Yq (t) are the result of convolving y(t) 
and Yo (t) respectively with the preamplifier impulse response. 

The receiver described in Fig. 5.2 is optimum for dis- 
criminating between Y(t) and y; (t) provided ha (t) is appro- 
priately chosen. The autocorrelation function of the total 


noise 1s given by 
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N N 
K(t) = 2 6(t) + 4 8G* exp(-8|t|) 


The power of the colored noise component is given by 


= 0 
P = 7 BG 
Observe that unlike the model of Chapter IV, P. is no longer 
constant. When 8 changes, Po is changed also. 


C. RECTANGULAR PULSE RECEIVER DESIGN 


Assume the input signals to the RF preamplifier to be 


| A Ot a 

y, (t) = C55} 
| 0 eee, ee 
(~° Oboe tc = 1 

Yq (t) = (5-56) 
0 wet te <a) 

Semenat 

_ Oc “ten 

Y(t) = (Sie. 7 ) 
| 0 A Ici wees elder <= 0 


Since the impulse response of the preamplifier is 


mae = Ger ae) 


On: 


then 


| NET S15 
Vee) : (SG) 


where 
ge! = h(t) * y,(t) 


The correlating signal in the colored noise receiver is the 


solution to the integral equation 


“G SOD -Bt 
—> hft) + ,) 8 — G exp(-8/t-u|)h,(u)du = yait) = 28¢ (1 as 


(533) 


The solution to this Fredholm equation is somewhat more compli- 
cated than the one worked out in Appendix A due to the fact 
that the function on the right hand side of the integral 
equation is no longer a constant whose derivatives are zero, 
but rather an exponential function. The detailed solution 

to Eq. (5.9) 1s worked out in Appendix E. 


The correlating signal h, (t) is given by 


+6m)t ~8m,t 
pee) = Cet CKie + CK5€ (5.16) 


where 


OZ 


4 
———— 2 LI) 


Z 
Ny (1 +G°) 


m = Vil we (3.12) 








i 
0 m,-l -2Em 
i i 1 
(m, +1) [e = m, +1 € ] 
K, a ee 5. 13) 
m,+1 ; m,-1 ime! 
m,-1 m,+1 
-Em m,+l 
a jie ge 
(m,-1) [e Se 
K | (2 1a) 
2 m,+1 - m4 i: . 2Em, 
m,-1 m,+1 


Ignoring the constant of proportionality, it is easy to see 
that ha (t) 1s a function of G and E only. Recall that G is 
the gain of the preamplifier and E is the ratio of the preampli- 
fier bandwidth to the receiver bandwidth. 

Fig. 5.3 shows a plot of h, (t) versus time normalized 
to the pulse width, for various values of E and G = 20 db. 
In practical design, however, the preamplifier bandwidth will 
not be much different than the correlator bandwidth. Fig. 5.4 
shows again h,(t) for various values of E with G = 0 db. The 
white noise component in this case is dominant causing the 
correlating signal h(t) to be almost flat. This is in agree- 
ment with known results on the correlation operation for 
receivers operating in white noise interference only with 


constant pulse input. 


93 


OS 


) ADATAD.OY Tats tT[Tdweerg au AoCsJ (a) Py JO 30Td 


AWE LD G4ZT IWWaON 


S| 0 pO ig aU 





YAGY Ydlal IdWeddd (LH 4QO LO Id 


€°s oanbty 


SONL TU IdWe G4ZTIWWYON 


94 


T = 9 AeATAOaY Aatst{dwesrq ayq AoO;J (ay Py JO 30Td p’s aanbty 


AWID GAZI IBWYON 
S) 0 


ab 4 6 00 OG 48 => 32% 
. Men se 2s fa oo ZS fh ae RS SES Oe oe, i 90? o2aecte °F OFF, ge? OR 
- 5 5 ee om ba Be ae oe Oe ee ee nie wa en ed ori men ed went Bi OF! i 
90 00 20.00. 00.00 208 Ee EO enc ins voxsobnurn oust dha tescas aeares-ee-wiee 8.2. 3 
ERSTE RoE Pe i tert hh tit iP Pg Hearn 


SON LE IdWe OSZTIBWYON 





ee 


gg 0=9 
ee he Ce reer oT 


o> 


D. RECEIVER PERFORMANCES=— TRE UEAieeao © 

In this section the performance of the receivers shown 
clint JB sks Sheeley and 5.2 is analyzed. 

The performance of the colored noise receiver with equi- 


probable binary signals is given by Eq. (2.26). 
€ 


4} 
Pp = ERFC, (7 f yi(t)h, (t)at)?/? (2 = 2G) 
0 


If we substitute Yq (t) as given by Eq. (5.8) and h(t) as 


given by Eqs. (5.10)-(5.14) swe gee 





T 229 d 8m.t -Bm,t 1/2 
P, = ERFC, (5 f ones 5 (=a) G +K, € = +K,€ 1 yat) 
0 N) (1 +G ) 
(5 iso) 
Evaluating the integral yields 
pono 1_-7E Mia sree ie 
P= ERFC, AS - Te ax E Uti, ey tt) == 
: Ny (1 +6°) : De ee a 
-E(m+1) 77 
ge =] 
+e Et Al) ) (> soy 


Since A°T/N,, can be interpreted as the SNR, we obtain 





E (m,-L)E -m.E 
2 <3 av i" 1 
Z2SNRG lee € -l > -l lee 
P_ = ERE, |——>;(- +K, ——— -K, = HK," 
-E(m, +1) ga 
E =i See 
+ K, Em) e228 
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where Ky and K, maemedetanedeby BGs. (5.63)> and (5.14). The 


white noise receiver performance for equiprobable antipodal 


Signals iS given by 


P, = ERFC,[/2SNR] 
Fig. 5.5 shows a performance comparison between the two re- 
ceivers for G = 50. It is clear that both receivers perform 
equally as well. The addition of the preamplifier did not 


improve the performance of the receiver of Fig. 5.2. 


E. RECEIVER PERFORMANCES--PRACTICAL CASE 

In the previous section we assumed the system analyzed 
consisted of only ideal components. These components didn't 
contribute any noise to the overall system. 

In this section we discard this assumption and instead 
work with practical elements, so that the white noise receiver 


has an input noise figure NF We may thus state that the 


1° 

power spectral density level due to the input white Gaussian 
N 

noise is no longer Ny/2 but rather -> - NF). Therefore, the 


performance of the white noise receiver for equiprobable 


antipodal signals is 


Pag ERFC, [¥2SNR/NF, ] 


The preamp receiver has also a non-unity noise figure asso- 


Ciated with it, which we denote NF.- Since the receiver input 
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of Preamplifier Receiver and White Noise Receiver 


Ie 
= 


Figure 5.5 


stage is assumed to be a low noise preamplifier (otherwise 
there is no benefit in utilizing this preamplifier), we can 


assume that 


NF < NF 


The performance of the colored noise receiver is no longer 


given by Eq. (5.17) but must be modified accordingly to yield 








2 -E ues tee 
Eee ERR, a 2 flo +K, (= ae) 
Ny (NF| +NF. ) mE E(m ~-1) 
“ME = -E(m,+1) 12 
tb Tk. (eae = )] (5.18) 


2 '— Bo, El) 


Fig. 5.6 shows the performance of the two receivers analyzed 
in this section. It is clear that utilization of a low noise 
preamplifier improvedsignificantly the performance of the 
colored noise receiver. However it must be pointed out that 
if we design a receiver which consists of white noise re- 
ceiver and a preamplifier, .ts performance would almost be the 
Same as the performance of the colored noise correlator with 
preamplifier as described in Fig. 5.6. The major contribution 
to improved performance is due to the low noise amplifier and 


not due to the specific correlator used in the system. 
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VI. JAMMING THE COLORED NOISE RECEIVER 


Pat RODUCTION 

In previous chapters the deSign and performance of re- 
ceivers operating in an environment consisting of colored 
noise interference were analyzed. The interference was 
assumed known and the receiver was optimized to the presence 
of that interference. In this chapter the model is expanded 
by considering the presence of a hostile jammer attempting to 
jam the communication channel. The jammer is hostile in the 
sense that itS parameters are not known to the receiver designer. 
The main purpose here is to find the optimal jammer waveform 
that causes maximum damage to a communication channel of the 
type analyzed in previous chapters and to determine whether 
the colored noise receiver is more or less sensitive than 


a white noise receiver to jamming signals. 


pee LHE MODEL 
The system model is described in Fig. 6.1. It consists 

of a digital coherent communication receiver operating in 
the presence of: 

1. Colored noise interference 

2. Additive white Gaussian noise 

3. Jamming signal. 
The digital information is transmitted via binary, baseband 


Signals that encounter baseband interference and jamming. 
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Extensions to bandpass signal analysis is straightforward 
in light of the results described in Chapter III, Section C. 

The 28.B, Oe the colored noise interference iS assumed 
to be the same as in Chapter IV. Specifically, the colored noise 
P.S.D. used here is given by Eq. (4.2). Also the signals y, (t) 
and Yo (t) are defined by Eqs. (4.8) and (4.9). The jammer is 


assumed to be deterministic and its specific waveshape will 


be determined in the solution to the optimization problem. 


C. DERIVATION OF THE OPTIMAL JAMMING WAVEFORM 
The decision process due to the presence of a jammer 


becomes 


Hypothesis Hy: z(t) = Yo (t) + n(t) + n(t) + Da WS) G6...1)) 
Oe ae 
Hypothesis Hy: Zc je = y, (t) + n(t) + nt) + Ba C8) C622)) 


Observe that a Oe, is modeled here as a deterministic waveform. 
The signals Yq (t) and y, (t) are assumed to be antipodal. The 


energies of the signals are given by 


L 


ie: 2 
E, = ah y,(t)dt = yo(t)dt . (6.33) 


The receiver generates the statistic % which is a Gaussian 


random variable. Its conditional mean 1s given by 
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T 
E(2|Hy] os ha (t) [y(t) +n, (t) +n, (t) ree (ie) Tale 


A 
a A 
= J h(t) [y, (t) +n (t)ldt = m, (6.4) 
and similarly 
- A 
Ee es 4) hg (t) [yg (t) + ni (t)]}dt = mg (Ge) 


The conditional variance of 2 is given by 


i 2 
| nq (t) In, (2) 4n, (e) 144] 


(6270) 


Il 
ea) 


var{2|H, } = var{2|H)} 


o> 
NO 


Note that since the jammer waveform is modeled as determinis-— 
tic, it does not affect the variance of the statistic 2. 

This would not be the case if the jammer waveform were a 
sample function of a random process. The receiver threshold 
y for antipodal equiprobable signals is equal to zero as 
previously demonstrated (see Eq. (2.1)). 


Define now 


Ak 


= = ee Maen: (ce)iote (6.7) 
0 


E 
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2 


From Eq. (2.23), we know that 2 = Jy - Introducing the short- 


hand notation 
T 
(han) = 4! hg (t)n, (t)dt (G-3) 


the performance of the receiver of Fig. 6.1 can be shown 


to be given by 


ies the 17 o, 


co _ 2. 2 

P= 5 a a a 
[6 (hans) 1/04 V2 =o a >. 
(6.9) 
eo lNolenaa) E+(h._,n.) 
V2E VE 
where PiH)} = P{H,} = 2 has been assumed. 
Define 
A 
O ae hen) 


and differentiate P. with respect to a. This yields 


P(E HOM) /4E EO/V2E _ -/E = (Each) /48 
2 = ——[=—__,——— = Se SH SD 8 (6.11) 
: V2712& vane 
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Since — 1S non-negative, it is clear that 


aP ° ited 
——— — = = 0 ° 
a 0 O (6.11) 
< < 
Therefore qg = 0 is a minimum point of Poe and by making 


| o | as large as possible, PS 1S maximized, because Eq. (6.11) 
shows that P, is monotonic in [ole 
From the Cauchy-Schwarz inequality, it can be seen 
that 
OC = Ea Ss | {ho | : }|n5 || (6.12) 
with equality holding if 


n (t) = Kh,(t) (Gm) 


where K is an arbitrary constant. 


The energy oe of the jammer is given by (from Eq. (6.13)) 


a 
ae f hé (t) dt = K*-| [ha | (6.14) 
0 


Therefore, we must have 


ee ome (6.159 
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and the optimum jammer that is energy constrained is given 


by 


VE. 
na(t} = Tine) pa (6.16) 
d 

This derivation is valid for both a white noise and a colored 
noise coherent receiver. The only difference is in ha(t). 
For a white noise receiver, h(t) re rOPOrL1 onal to Y(t) - 
Therefore the waveform of the optimum jammer will be related 
to the waveforms used to transmit the binary information. 
However for the colored noise receiver, h(t) i ioOmel once 
directly related to the signals y;(t) and Y(t). Thus the 
optimum jammer may have a waveshape that has no resemblance 
to the waveforms used to transmit the binary information. It 
is clearly feasible to implement an optimum jammer against 
a white noise receiver. All that must be done is to transmit 
the difference of the signal waveforms, or use a repeater 
channel [Ref. 15]. However it is almost impossible to opti- 
mize a jammer against a colored noise receiver unless all the 
details about the correlator receiver being used are Known. 
D. PERFORMANCE OF THE WHITE NOISE RECEIVER WITH OPTIMAL 

JAMMING 

In order to properly evaluate the effect of jamming on 
colored noise receivers, it is necessary to first evaluate 
the effect of jamming on white noise receivers. The results 


on the latter can then be used as a reference, to which results 


Or, 


on the former can be compared. We assume here the model 
described in Fig. 6.1 with the only difference being that 

now a white noise receiver is used in place of the colored 
noise receiver. That is, ha, (t) must be replaced by Yqg(t). 
The receiver performance without jamming (however with noise 
interference) has been evaluated in Chapter IV, Section F. 

A statistic 2 is generated by the receiver of Fig. 6.1, where 
the conditional moments of the statistic are given by Eqs. 


(4.29), (4.30), (4.31) and repeated here for convenience. 





E(£|H,] = VE, (4.29) 
aD Teh (4.30) 
N N 
= ~ _1,_0,/E-lt+exp(-E) 
Var(£|H,] = Var(2|Hjp] = +4 +-4( z ) 
A 2 
A (4.31) 
Observe that E is defined by Eq. (4.12). 
The performance of this receiver is given by Eq. (4.39), 
namely 
E. E. 
P, = ERFC,{ /——,~—S—____} = Errc,{, /5) (4.39) 
1 ,_0 ;Erltexp(-E) ) Oo 
2 Z E 


for equiprobable signals. Here again the deterministic jammer 
affects the conditional means of 2 but net Lesscondmervenae 


variances. 
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We now obtain 


ae 
B(2|H,) = yf hg (t) ty) (t) +n, (t) lat 
ch J 
= A ha(t)y,(t)dt + ! hg(t)n,(t)dt (6.17) 
Af Ah 
E(Z|H)J = , ha(t)y,(t)dt + , hg (t)n, (t) dt (6 Ls) 


Substituting the optimum jammer, derived in Section C and 


given by Eq. (6.16), yields 





“= y Ya Yq lt) ; qt) 
EL |H = y, (t)dat + (t) oe ia 
it 0 2vE iL " Yq 2VE 
= 1a. + VE. (6.119) 
E[2|Hg] - VE. - VEn5 
Recall that for the white noise receiver A, (t) = Y(t) /2VE_ 


The performance of the white noise receiver becomes 


a VES VEN 1 Ee y nj 
= 5 ERFC,[ —(1 + tt) } ey ERFC,[>—(1 = —aL) 4 (6.20) 
$ VE. Q on 


Observe that if no jammer is present, Eq. (6.20) takes on 


the form of the ae for a white noise receiver in the presence 


IONS, 


of noise interference only. The jammer effect can be seen from 
VE 


the introduction of the (1 +t 5) 


. VE 
S 


factors. 





E. PERFORMANCE OF THE COEGREDVNGiSE  REGravVER IN@ihE 
PRESENCE OF JAMMING 


The performance of the colored noise receiver in the 
presence of jamming was derived in Section C and the receiver 


De is given by Eq. (6.9), namely 


Po = >= PREC. eno eee (6.9) 
& 2 y) * a 
¥26 7 2é 


We assume that the model described in Section B is valid in 
the foregoing analysis. 


The performance of the receiver inFig. 6.1 when no jammer is 


present was analyzed in Chapter IV and its P. given by Eq. 


(4.26), namely 


-En, -2E(m iH) 


sae 2(m+L)-4€ ~-2€ (mj-1) 1/ 
P, = ERFC,(vé/2) = ERFC,[————— (1 + aa ES ) 
1+(JSR) (SNR) = mm, oT is 1, 
“I ~ m+ 
1/2 
= ERFC a eee £, (E,m,) ] (6.21) 
1+(JSR) (SNR) = 


where E and m, were defined in Eq. (4.12) and Eq. (4.17) respectively 


and JSR is the ratio of interference powerto signal power. In 


order to evaluate the performance of the receiver analyzed 
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above under jamming conditions, the factor (nan) must be 
evaluated for various jamming waveforms. The analysis will 


be carried out for two different cases. 


1. The jammer has the same waveshape as the information 
Signal waveforms (i.e., rectangular pulses). 


2. The jammer has been optimized according to the results 
Sey oection DD. 


Case l: 


The jammer waveform is given by 





‘i ds a 
n.(t) = 7d y, (t) (6.22) 
J Ee 


puestituting Eq. (6.22) into Eq. (6.8) yields 


re VE. 
— Were he( & dit 
) ee 2 


S 


it 
(han) = F hg(t)n., (that 


vE , 
aah y,(t)h,(t)dt (6.23) 
/E_ 0 is 


Mesticuting Eq. (6.7) into Eq. (6.23) yields 


genes 
(hans) = ee ie 240) 


VE_ 
S 


Furthermore, substitution of Eq. (6.21) and Eq. (6.24) 


miEomeg. (6.9) yields finally 


Ee 


AS, 
lI 
NS) le 


BREC,[VE/2(1 + YE_j7E,)] + 5 ERFC,(VE/2(1 - /E,57E.)) 


ERFC,{, /——*2S3_____ £, (e,m,) (1 + VE{7E,)] 
1 + (JSR) (SNR) = J 


+ > ERFC, |) |= aoe Oe (6.25) 
1 + (JSR) (SNR) = oat ics 


| 
et 


Analysis and simulation carried out cn Eq. (6.25) reveals 
that this receiver performs at almost the same level as the 
white noise receiver analyzed in Chapter IV, Section F. The 
performance of the white noise receiver without jammer is 
given by Eq. (4.39). Its performance is almost the same as 
that of the colored noise receiver without jammer whose per- 
formance is given by Eq. (6.21). This fact was demonstrated 
by the numerical results presented in Tables 4.1-4.5. 

When the jammer is introduced, the arguments of the error 
function for both receivers has to be modified by the same 
factomucn a ase) 9)) Therefore the performance of the two 
receivers under jamming conditions remains almost identical. 

Case 2: 


The optimum waveform jammer analyzed in Section D is 


given by Eq. (6.16). Substituting Equg(6.16) Simto Ecauace.: 
yields 
Ee ve 
STE | = J TTT pla (ie)WeNGis = VE; | thal | (G2Gn) 
d 


2 


Substituting now the appropriate h, (t) which is given by 


Eqs. (4.13)-(4.16) yields 





yee -Em ip 
ey ec ON RET 2 1 elie. ecw 
ngs) Te 1 a S(SSR) (SNR) [he BES ST a a 
1 
Q-e hy), V? 
+ 4K. >, ai n6O.2/7) 
where Ko is defined by Eq. (4.15). 
Equation (6.27) can be written in the form 
wie 
2 nj 2SNR 7-7 <r 
S E 


Pweecicucing Eq.s (6.28), (6.21) into Eq. (6.9), yields the 


performance of the colored noise receiver in the presence of 


the optimum jammer. This result is 
2SNRf (E 7m vEng vf E jm 
 e = ERFC, [ eke ee i cial ) 


1 + SASSER) AISNE) aod n= 


4 (JSR) (SNR) os 


2SNREAE "M) gee r™, ) 
ae ial Za NY 
+ > ERFC |, 40SSR) (SNR) (1 + VE,3/E5 Gay) 8 (6.29) 


1 and f. are defined by Eqs. (6.21) and (6.28) 


respectively. 


where f 


In Figures 6.2-6.5, a comparison between the performance 


of the colored noise receivers analyzed under the two jamming 


ies: 
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conditions is shown. The pertinent equations are Eq. (6.29) 
and Eq. (6.25). All results are a function of the jammer 

to signal energy ratio, aa 12 denoted as JSR*. The figures 
show that the optimum jammer (n.(t) - Kh, (t)) causes much more 
damage to the receiver performance than the suboptimum jammer 
(n.(t) = Ky ,(t)). If one tries to determine what JSR value is 
required to cause the receiver to operate at a certain Poe 

it can be seen that when the optimal jammer is used, less 
jamming power is needed (somewhere between 6-12 db less 


jammer power) than if the suboptimum jammer of Case l is 


used. 
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= Vili CONCLUSION 


This thesis presents several applications of the theory 
of signal detection in the presence of colored noise. In 
it, the analysis of practical design implications of the 
theory is carried out and the evaluation of the performance 
of receivers designed according to this theory is undertaken. 
The design of a digital receiver operating in a colored noise 
environment requires the solution of a specific Fredholm 
integral equation. In order to solve the Fredholm integral 
equation, the designer must have available an analytical 
expression for the autocorrelation function of the colored 
noise and also know the signal waveforms being used to trans- 
mit the digital information. Once this information is avail- 
able, solution of the Fredholm integral equation must be 
attempted. As discussed in Chapter III, analytical solutions 
do not always exist. Even if solutions do exist, the proce- 
dure for solving the integral equation is at best tedious. 
In most of the work undertaken, a relatively simple case in 
which the colored noise was the output of an amplifier stage 
followed by a first order Butterworth filter was analyZed. 
This leads to an analytical expression for the noise autocorre- 
lation for which the solution of the integral equation exists 
and is tractable. Several cases were presented in Appendices 


[Noo Or 


Way, 


The receiver structure and correlator signal waveform 
were derived in Chapter IV for the cases in which the binary 
information was transmitted uSing either rectangular or sinu- 
soidal pulses. As shown in Appendix D, the design of such a 
receiver was quite feasible once the noise autocorrelation 
was specified and an analytical solution to the Fredholm 
integral equation was obtained. Next, the performance of this 
receiver was evaluated and compared to that of a white noise 
receiver operating in the same environment. The results 
showed that both receivers performed almost identically with 
only a few percent difference in receiver error probabilities 
when rectangular pulses were used for signaling. Only when 
optimum sinusoidal pulses were used in place of the rectangular 
pulses, a major improvement in the performance of the colored 
noise receiver in comparison to the performance of the white 
noise receiver was achieved. Low noise preamplifiers used to 
improve receiver sensitivity are also a source of colored 
noise. The effect such preamplifiers have on practical re- 
ceivers was discussed in Chapter V. The conclusion of such 
analysis indicated again that receivers designed to operate 
in a colored noise environment do not perform significantly 
better than white noise receivers, operating in a similar 
environment. Improvement is achieved only due to the fact 
that the low noise preamplifier isolates the front-end of the 
receiver from the "noisy" correlator. 

Although these results were obtained using a first order 


Butterworth filter amplifier excited by white noise as a 
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model for the colored noise source, it is reasonable to expect 
(based on the results of Ref. 16) that using a more compli- 
cated model Fon the colored noise generation will not change 
Significantly the results and the conclusions obtained. 

The ECM vulnerability of the colored noise receiver 
versus that of the white noise receiver was analyzed in 
Chapter VI. Both receivers were found to be equally sensi- 
tive to a deterministic waveform jammer. However when the 
jammer used an optimum waveform which was related to the 
Signals used in the correlation operation in the receivers, a 
Significant deterioration in the performance of the colored 
noise receiver was observed. It must be noted however that 
the jammer waveform designer has in practice almost no chance 
to accurately determine what this optimum waveform should be 
and how to appropriately use it. 

This thesis has demonstrated the relative robustness 
of the white noise receiver. In most practical cases, even 
when colored noise interferences are present, the white noise 
receiver performs nearly as well as the colored noise receiver 
designed for specific interference models. Only in very 
special cases in which optimum signal waveforms were used to 
transmit the binary information did the colored noise receiver 
perform better than a white noise receiver. 

Table 7.1 presents a quantitative summary of the perfor- 
mances of the colored noise receivers and white noise receivers. 


Table 7.2 presents the effect of jJammers on the performances 


of the white noise and the colored noise receiver. 


Zi 


Table 7.1 


The Receiver 


White noise receiver rectangular 
pulses 


Colored noise receiver rectangular 
pulses 


Colored noise receiver sinusoidal 


pulses, ba— 
Colored noise receiver sinusoidal 
pulses b = 4 0.01 


Colored noise receiver sinusoidal 
pulses b = 8 0.00045 


White noise receiver sinusoidal 
pulses b = l 0. 2e 


White noise receiver sinusoidal 


pulses b = 4 Oey) 3 


White noise receiver sinusoidal 
pulses b = 6 





(*) b is defined by Eq. (4.44) and is the ratio of the signal 
frequency to interference noise bandwidth. 


Table 7.2 


The Receiver Pp Pp 
e e 


ammer waveform equals Optimal jammer 
signal waveform SNR = 10, JSR = 1 
NR = 10, JSR=1, E=0. B= Oe 
JSR* = -5 db JSR* = —ara5 


White noise receive 
rectangular pulses 


Colored noise re- 
ceiver rectangula 
pulses 





* JSR* is related to the jammer and defined as ES 4/E. , namely 
the ratio of interference energy to signal 
energy. 
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APPENDIX A 


DETAILED SOLUTION OF A FREDHOLM II EQUATION FOR COLORED 
NOISE WITH RATIONAL SPECTRA AND RECTANGULAR PULSES 


The Fredholm II equation to be solved is 


N T 
1 
+> h(t) + yf K (t-u)h,(u) du = Yq (t) Oe er (Ae) 


The noise is assumed to be a sample function from a W.S.S. 


process whose P.S.D. is given by 


2 
2a8 = N(s ) (A 2) 


d.(s) = 
Cc “5? 48° D(s2) 


The autocorrelation function corresponding to this P.S.D. 


is given by 


K (1) = cere al (2 3) 


The signal Yq (t) is defined by 


0 cn w0ere > Ty 
Equation (A.2) can be written as follows 
a 2 
Dis“) [g¢.(s)] = N(s°) = 2ag (A.5) 
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Multiply ane ee) by D(s*) corresponds to operating on K ,(t) 


with BS) in the time domain where p is the derivative 


Ope Lauer. 


Eq. (A.5) can be written as 
2 
D(p )[K (t)] = 2a86(t) (A. 6) 
Operating with D(p*) on Eq. (A.1) yields 


Deal een? 2 
Dip’) a-hg(t) + Jf D(p°) [K,(t-o)hg(o)]do = D(p*) [y,(t)]  (A-7) 
0 


Substituting Eq. (A.6) in Eq. (A.7) and eer tormminge i 


Operation specified by ec yields the differential equation 


_ Lh (t) + 2 pnt) + 2aphete) = = 9.te) + eee 
za os ore = Yd 


SUDStiLuemnic Yq (t) as defined by Eq. (A.4) yields 


No ' 5 
- => hft) sae sa h4t) = BA OF ee ae (A.9) 
where 
gee = “1 g? + 208 
Eq. (A.9) is a differential equation. Its particular solution 


is given by a constant C, where 
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C = (ca 2A (Ce TL 


Its homogeneous solution is 





Ke + K5€ Cay 1 1) 
where 
y = V27, Bx (Ast 2) 
The complete solution is of the form 
h{t) = C + CK,e’* + Ce (A.13) 


where the constants K, and K. are obtained by plugging this 


2 
solution into the Fredholm II equation. 

This process is very long and tedious and involves a 
great deal of algebraic manipulations. At the end of this 
process two linear equations are obtained which define Ky 


and K namely 


oO! 


=k K 





mee 2 
voce i ab B 
(A.14) 
yT Val 
oa 2 
a? oe 


The simultaneous solution of Eq. (A.14) 1s 


IEP) 


where 


and 


Y — 


L BT 


=" =8°) [Cy sale 1 ee et 
“(y Ble!) = Ggenepiecine 
(A.15) 
ry? -B7) (Cy -B) + Cy +8) E17] 
(y 48) 2!) = yee 
Beez 2A8° 
a ( AgsieG) 
B MS 
ar 
V2/N, B* = nb > B~ +2a8) 
1 
= 6 VL PNoy Ne (Agere 


Ona 


APPENDIX B 
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DETAILED SOLUTION OF A FREDHOLM II EQUATION FOR COLORED 
NOISE WITH RATIONAL SPECTRA AND SINUSOIDAL PULSE INPUT 


The Fredholm II equation to be solved is 


N T 
= Tee a K (t-ujh,(ujdu = y(t) O< t<T Used, 


The colored noise P.S.D. and autocorrelation function are 
the same as defined in Appendix A, Eqs. (A.2), (A.3). The 


Signal is however different and is defined as 


( ZAhaSI Mot 0 <witee «oT 


Yq (t) = (Buz) 
0 


Oo ee ae 


The procedure outlined in Appendix A, Eqs. (A.5)-(A.8) is 
applicable here. Using Eq. (A.8) and using Yq (t) as derived 


by Eq. (B.2) yields 


See 2 Ae 

- > h(t) + B* h(t) = 2A(b™ +8")sin bt Osis) 
The homogeneous solution is not affected by the sinusoidal 
faetving £uUncEiOon in this equation. Thus, the homogeneous 


FotuEton 1S given by Eq. (A.11). The particular solution is 


given by 


92?/ 


Hae = C sin bt (B.4) 


where C 1S given by 


2 2 
c= 5 2A[b~ +6°] (Bosh 


 b* +8*° 


The complete solution is therefore 


h(t) = C sin bt + CK,e'" + CKe "* 0 < t < TIGemen 


where the constants Ky and K, are obtained by plugging this 
solution into the Fredholm II equation. This process is very 
long and tedious and involves a great deal of algebraic 


manipulations. At the end of this process two linear equations 








are obtained which define Ky and Kos namely 
Bae se -b 
ye y= 8 a +b- 
(Bey 
ll it Kye" 1 
a —=—~[B8 sinbT +b cosbT] 
1 = ae ae se 


The solution for Ky and K. is 
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(2) (1-1) 7 *Y7 + (sin bT +2 cosbT) (L+1) <7 "7 
~-=-1] eat 

(l+ (2) ][- B— e*Y7 4 By 
zoek ae 





. at ; b ae -yT 
a ‘2 +1) + (sin bT + (>)cos bT) (3 ieee 
Qo ee il 
ta a (2) 9) (Be Be ars 
p Lge = +1 
B B 
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(B,8) 


(B20) 


APPENDIX C 


THE FREDHOLM II EQUATION FOR BANDPASS SIGNALS 


The Fredholm II equation for bandpass signals and spectra 


1S given by 


“thot ate fy K.(t-u)h, (u) du = yq(t) 0. "< Gas (C.1) 
where 

y(t) = Ygq(lt) cos Wet (Cr 

K_(t) = K,(t) cos wot (Cy) 


We assume that the solution of Eq. (C.1) is of the form 


hg (t) = h(t) COS Wot (C.4) 
and check the conditions under which this assumption is valid. 


Substituting Eqs. (C.2), (C.3), and (C.4) into Eq. (C.1) yvemwee 


N Akg 
ah 
= h,(t) cos Wat = f K (t-u)cos Wy (t-u)h, (u) cos Wyudu 


0 


= Yq (t) cos Wat (C.5) 


Pa 


Using trigonometric identities yields the following equation 


N xv 


sh {t) cos Wat + f cos w 


0 ? tk (t-u) hu) du 


0 


T 
f Cos wp. (t-2u) K_ (t-u)h, (u) du 


+ 


Yq (t) cos Wat (C.6) 
We now denote 


Ak 
| cos We (t-2u) K (t-u)h, (u)du = (cae, Cer) 


and check the conditions under which a(t) is negligible. We 


may write 


na (t) = h(t) [a(t) - u(t-T) ] (e278) 


Substituting hg (t) in Eq. (C.7) enables changing the limits 


of integration 


ce 


a K (t-u) cos wp (t-2u)h¥(u)du = a(t) (C.9) 


Peking tie Fourier transform of Eq. (C.9) yields 


icles) ) = | K ,(t-u) cos wy (t-2u) h4 (u) e JF auat CORIO), 


on OO = 


oer 


Wien 
$s i (Cain) 


substituting in Eq, (C,l0)@ytelde 


eye) ile f ha(u) | f K_ (a) cos, (o-u)e J *%acje J°%au 


— © 


(Coz 


The expression inside the parenthesis is the Fourier transform 


One K (0) cos Wy (o-u) and is given by the convolution of the 


Fourier transform of K (a) and cos Wy (o-u). Performing the 
convolution yields 

l —JH_u l JW pu 

> d,(W —Wo)e os > (W +U_O)E (Coir) 


where >, (w) is the P.S.D. or equivalently the Fourier Transform 
Of K (tt). 


Substituting Eq: (C.13)) imteebo | Gee eas 


oo i 0 
Fla(t)] = = f h4 (a) (6. (w-w 9) € 


+: d,(w t+up)eE je du ~ 14) 


Evaluating the integral yields 


* 
SHA (w +0) o_ (w - Wo) + = d,(W +W)) HA (W -WQ) (CS) 
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Bepe.e.15) iS a cross product of two low pass functions at 


high frequencies. If 


then Eq. (C.15) represents a negligible small value. Under 
these conditions, a(t) is a small number. 


The bandpass Eq. (C.6) can be written as 


N T 
1 
Bye) cosu,t + cos wt y! K {t-ujh,(ujdu = y,(t)cos aot 
(ee 16) 


The solution to Eq. (C.16) is the solution to the lowpass 
equation multiplied by cos Wot. 

The conclusion is that if the communication channel 
center frequency is much bigger than the channel bandwidth, 
then the solution to Eq. (C.1) can be written as a solution 


to a baseband equation multiplied by cos Wot where Wo is 


the channel center frequency. 


Ha pt 


APPENDIX D 


BLOCK DIAGRAM OF A SIGNAL GENERATOR FOR Att 


A suggested block diagram for generating hy (t) in the 
correlator unit is shown in Fig. D.1. 

The desired waveform is sampled at a high enough rate. 
The samples are digitized and stored in the PROM. When the 
sync pulse is received, the proper addresses of the PROM are 
read sequentially and the output is converted to an analog 
Signal hat). The PROM can store several waveforms for 


various types of transmission signals or interferences. 
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= APPENDIX E 


DETAILED SOLUTION OF THE FREDHOLM II EQUATION GIVEN BY EQ. (5.9)} 


The Fredholm II equation to be solved is 


6 ~ -Bt 
ay eS) are K(t-uJh,(ujdu = 2aC(1 -e§ 9) = yc e Gee 
0 eae 2 
where 
N 
(Ge) = ee PI" = 8G" e817 | (E.2) 


The solution follows the procedure shown in Appendix A 

except that Yq is no longer a constant and therefore modifica- 
tion to the particular solution will be necessary. The 
procedure of Appendix A is applicable here up to Eq. (A.8), 


so that our starting point is 


No - No 2 - Z. 
~ —y h(t) + 3e7h(t) + 2o6h{t) = ryglt) + Boyg(t) (E. 3) 


Substituting Y(t) as defined by Eq. (E.1) yields 
N 


B > h{t) + p**h(t) = Mace (E.4) 


where 


15 5)16 


N 


N N N 
Z ay OZ Ome 2 22 Or2 Z 
* - ee = pone —_e = — 
B 5 B~ + 2a8 5 BU + 5 BG 58 (1 +G°) 
iieshiomogenecous solution to Eq. (E.4) is 
yt as 
CKie + CKo5€ 
where y is given by 
y = ¥27N, 8* = BV1+G* = 8m, 


The particular solution is given by 


B 4AG 
2 
Ny (1 +G ) 


The complete solution therefore is 


C + CK ei + CK e Yt 


hat) = 1 2 


Pieenext Step 1S to plug this solution into Eq. (E.1). 


CE) 


(GEe6)) 


Cat ) 


CaaS) 


This 


substitution leads to two equations that must be solved for 








Ki and Kos that is, 
~Ky . K, — 1 
ya 6 y=B8 B 
Wade ey Ol 
Kie - K€ _ 1, 
va 6B ‘aa B 


ieee 


CE) 


The simultaneous solution to these equations is 


Uy +8) - (y -B)e Y7) (y* -87) 


K = 
: evi (y a) ary -~8)“e ue 
a(y* -8*) [(y -B) - (y +8) 17] 
7 ii, 2 ai 


(Ye 6 ae (y -B) e€ 


Substituting Eq. (E.7) into Eqs.) (Ef. 10) @andeee. Ye erciact 


introducing the notation 











i (=e 
yields 
-Em m,-l -2Em 
1 1 1 
(m, +1) [e aes | € ] 
K, = 1 
1 m,+l  m,-1 -2Em, 
= € 
m,-1 m,+1 
-Em m. +1 
1 1 
(m,-1) le =“ =! 
K = : 
Z 
m,+1 m,-1 -2Em, 
- € 
m4 1 m,+1 
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